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ABSTRACT
The positions of images produced by the gravitational lensing of background sources
provide unique insight in to galaxy-lens mass distribution. However, even quad im-
ages of extended sources are not able to fully characterize the central regions of the
host galaxy. Most previous work has focused either on the radial density profile of the
lenses or localized substructure clumps. Here, we concentrate on the azimuthal mass
asymmetries near the image circle. The motivation for considering such mass inhomo-
geneities is that the transition between the central stellar dominated region and the
outer dark matter dominated region, though well represented by a power law density
profile, is unlikely to be featureless, and encodes information about the dynamical
state and assembly history of galaxies. It also happens to roughly coincide with the
Einstein radius. We ask if galaxies that have mass asymmetries beyond ellipticity can
be modeled with simpler lenses, i.e., can complex mass distributions masquerade as
simple elliptical+shear lenses? Our preliminary study indicates that for galaxies with
elliptical stellar and dark matter distributions, but with no mass asymmetry, and an
extended source filling the diamond caustic, an elliptical+shear lens model can re-
produce the images well, thereby hiding the potential complexity of the actual mass
distribution. For galaxies with non-zero mass asymmetry, the answer depends on the
size and brightness distribution of the source, and its location within the diamond
caustic. In roughly half of the cases we considered the mass asymmetries can easily
evade detection.
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1 INTRODUCTION
Multiple image, or strong gravitational lensing is a unique
tool for determining the detailed mass distribution in galax-
ies. The very central few kpc of galaxies are dominated by
baryons, in the form of stars. The density of stars falls off
rapidly with distance from the center, and at larger radii the
total mass becomes dominated by dark matter.
The typical radius where the contributions of the two
mass components are equal—what we will call the transition
radius—is around 5-10 kpc, in projection. Despite the fact
that the dominant mass component changes from stars to
dark matter, strong lensing studies show that the 3D spher-
ically averaged density profiles of galaxies are well repre-
sented by a single power law in radius, ρ ∝ r−γ, where γ was
estimated to be about 2 (Koopmans et al. 2009; Barnabe`
et al. 2011). Because this transition is smooth, it is some-
times called the bulge-halo conspiracy (van Albada & San-
cisi 1986), in the sense that the stellar and the dark matter
components conspire to keep the total mass density slope the
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same across the transition region. This smooth transition is
also seen in numerical simulations (Schaller et al. 2015), and
is probably the consequence of the central regions of galaxies
approaching relaxation.
However, the transition region is not completely fea-
tureless. Both simulations (Schaller et al. 2015) and obser-
vations (Thomas et al. 2007; Chae et al. 2014) show that
with increasing distance from center, the total density slope
becomes somewhat steeper, then shallower, and then steeper
again. The presence of these features implies that full relax-
ation has not been achieved yet, even though the galaxies
are likely in a stable mechanical equilibrium (Young et al.
2016). Both simulations (e.g., Navarro et al. 2004; Springel
et al. 2008) and theory (Williams & Hjorth 2010) show that
in a fully relaxed, collisionless system there should be no
non-monotonic slope changes at these radii.
If the central regions of galaxies are not fully relaxed,
one should expect density perturbations, or asymmetries,
not just in the radial, but also in the azimuthal directions.
For example, if the ellipticity position angles of the dark
matter and stellar distributions are misaligned, then the
transition curve will not be elliptical. Most studies of the
© 2018 The Authors
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bulge-halo conspiracy have concentrated on the circularly
(or spherically) averaged density profiles; in other words,
used only the size of the Einstein radius in the analysis. But
lensing can also map out density variations in the projected
azimuthal direction, because the positions of images in the
polar angle around the lens center are sensitive to the az-
imuthal distribution of mass at the Einstein radius.
By coincidence, multiple images of background sources
form roughly around the transition radius (see Figure 12 of
Gomer & Williams 2018). Thus the structure of this region,
both in the radial as well as azimuthal directions, is reflected
in the image positions. Future surveys will deliver hundreds
or thousands of quad lenses (Agnello et al. 2015; Finet et al.
2012; Oguri & Marshall 2010), allowing the study of red-
shift evolution of the transition region in a statistical sense,
leading to a better understanding of galaxy relaxation.
We note that the mass asymmetries we are interested in
are not the same as clumpy substructure, which has been de-
tected through lens reconstruction, in several recent studies
(Hezaveh et al. 2016; Vegetti et al. 2014, 2012, 2010).
What is the best way to extract the information about
the azimuthal mass distribution in a lens? One could carry
out mass reconstructions of individual lenses, using either
parametric, or free-form techniques. The drawbacks of this
approach are two-fold: (a) lensing degeneracies, for exam-
ple the monopole degeneracy (Saha 2000; Liesenborgs et al.
2008; Liesenborgs & De Rijcke 2012), can conceal the true
features of the azimuthal mass distribution, especially when
these features are higher order perturbations compared to
pure ellipticity, and (b) individual lens modeling cannot take
advantage of the fact that lenses belong to a population, and
hence share some common properties.
In this paper we examine the ability of mass model-
ing of individual lenses to extract information about the
azimuthal mass distribution in the transition region. Gomer
& Williams (2018) studied quad populations, with the same
goal in mind.
It is known that most quad lenses are well modeled by
elliptical+shear mass distributions. However, even the most
sophisticated models, those that consist of a superposition
of two different profiles—one representing dark matter, and
the other, the distribution of stars (e.g. Suyu et al. 2009;
Gilman et al. 2017)—do not include the azimuthal complex-
ities potentially associated with the transition region. Higher
order perturbations in the galaxy isodensity contours may be
present (Woldesenbet & Williams 2015; Gomer & Williams
2018), but would elude mass modeling because of lensing
degeneracies, which imply that there is an infinity of mass
distributions that could reproduce the observed image prop-
erties. So an accurate fit to the images may not imply an
accurately recovered mass distribution.
The most well known is the mass sheet degeneracy
(MSD, Falco et al. 1985); its influence on the determina-
tion of H0 from galaxy lenses was recently explored in Xu
et al. (2016) and Tagore et al. (2018a). If one had a myriad
of point sources at the same redshift, that covered the entire
relevant portion of the source plane, and the multiple images
of these sources were observed with infinite astrometric pre-
cision, then all degeneracies, except for MSD would be bro-
ken. These include the source plane transformation (SPT),
which is a generalization of the MSD (Schneider & Sluse
2014), and the monopole degeneracy, which reshapes the
mass distribution between images. In addition, there could
exist other degeneracies that have not been recognized and
analyzed yet. These too would be broken by our idealized
thought experiment.
Such an idealized experiment is not possible. The next
best thing is to use extended sources with variable surface
brightness distributions, such as galaxies, or host galaxies of
QSOs; Kochanek et al. (2001); Blandford et al. (2001), but
see Saha (2000). These provide useful, but far from complete
coverage of the source plane. In addition to (i) limited spatial
extent, other shortcomings of realistic observations are, (ii)
finite size of detector pixels, translating in to imprecise as-
trometry, and (iii) faintness, resulting in low signal-to-noise
ratio. Compared to our idealised experiment, these allow
degeneracies to creep in. In the present study, where we are
interested in knowing how well, if at all, mass features of
the transition region can be recovered through mass model-
ing, the most relevant degeneracy is not MSD or SPT, but
probably the monopole degeneracy.
However, our goal is not to identify specific degenera-
cies, but ask if quads of extended sources, generated by mass
distributions that have transition radius features, can be
used to recover these features. Specifically, we ask a closely
related question: can quads produced by complex galaxies
be successfully modeled by simpler mass distributions? The
answer will naturally depend on properties mentioned in (i),
(ii), and (iii) above, which we explore in the paper. For some
combinations of properties, the situation is promising, but
in cases where simple mass distributions can indeed mimic
more complex ones, the true features of the dark matter-
stars transition region cannot be uncovered by mass model-
ing of individual lenses, and quad population studies, such
as those presented in Woldesenbet & Williams (2015) and
Gomer & Williams (2018) are needed.
2 METHODOLOGY
2.1 Overview
This section describes our analysis method in detail. We cre-
ate galaxy mass models consisting of two components, dark
matter and stars, with their centers offset in various direc-
tions, and by various amounts, up to ∼ 15% of the Einstein
radius (or typically, ∼ 1h0.7 kpc), to generate non-elliptical
mass distributions around the transition region. We do not
claim that dark matter and stellar distributions are offset,
but this is a convenient way to generate asymmetry at the
image radius. Mass distribution very close to the lens cen-
tre, and hence the presence of the two mass peaks produced
by the offset, are not relevant, because there are no lensing
constraints there. Gomer & Williams (2018) showed that
such asymmetry can reproduce the image polar angle prop-
erties of the population of observed galaxy quads, whereas
the commonly used elliptical+shear models and ΛCDM sub-
structure cannot.
These are our 2-component “observed” galaxy lenses.
A background cluster of point-sources, representing an ex-
tended source, is forward lensed, resulting in four islands
of point-images. These are the “observed” extended images.
The four images of the centre of the extended source—not
the whole extended source—are then lens-modeled with a
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1-component elliptical mass distribution centered on stars
of the 2-component lens, and having an “isothermal” density
slope, i.e., γ = 2. We use the centre of the stellar distribution
as the centre of the lens model, consistent with the common
practice. Using just the central point-source is a simplifi-
cation; one could use all the point-sources comprising the
extended source to do the optimization, but that would be
more cumbersome. This 1-component mass model has none
of the complexities associated with the transition radius.
Density slope is fixed at isothermal because that is what is
commonly assumed in modeling. We then assess how well
this 1-component lens can reproduce the extended source.
In all, we use four types of variables: parameters of
the 2-component “observed” galaxy lens, stars-dark matter
offset, source size, and source location within the diamond
caustic.
2.2 Galaxy mass models
Throughout this study we use the lensing software,
Gravlens/Lensmodel, made publicly available by Charles
Keeton (Keeton 2004). While Gravlens and Lens-
model share the same underlying architecture, the former
generates arbitrarily complex, parametric lensing galaxy (or
galaxies) and lensed images, while the latter fits parametric
mass models to lensed images. We used Gravlens to gen-
erate 2-component galaxy lenses, and Lensmodel to model
them using a 1-component galaxy.
From the Gravlens/Lensmodel catalogue of models
(Keeton 2001; Keeton 2004), we chose to use boxy potentials
(boxypot) of the form
φ = brα[1 −  cos 2(θ − θ )]β (1)
because of their simplicity and computational efficiency. We
used boxypots1 to represent both the dark matter and the
stellar distributions of the 2-component galaxies, as well as
the 1-component fitted models. These parametric shapes
have sufficient flexibility to be reasonable approximations
to the density profiles of observed galaxies.
To explore the parameter space, we investigate two 2-
component models, called Galaxy 1 and Galaxy 2; their
parameters are summarized in Table 1. The 1-component
models that we use for lens fitting have fixed “isothermal”
density slope, α = 1 (γ = 2), and fixed β = 0.5. Had we al-
lowed these parameters to vary, better fits could have been
obtained for the 1-component models. So we are being some-
what pessimistic about the ability of simple mass models to
fit complex galaxies. Note that our 2-component galaxies do
not have any external shear, γ, while 1-component models
are allowed to have shear.
The projected double logarithmic slopes of the total—
dark matter and stars—density profiles of the 2-component
galaxies are shown in Fig. 1, for Galaxy 1 (left panel), and
Galaxy 2 (right panel). Here, the centres of the dark matter
1 We note that Gravlens/Lensmodel software actually uses φ =
brα[1− cos 2(θ−θ )]αβ to do the calculations. We have corrected
for this in the present work, and quote parameters as they appear
in φ = brα[1−  cos 2(θ − θ )]β , which is the form presented in the
Keeton (2004) manual.
Table 1. Parameters for the 2-component galaxy lens potential;
see eq. 1. Adopting the same notation as Keeton (2004), b is
mass scaling,  is ellipticity, and θ is the position angle of the
ellipticity. All position angles are measured East of North. The
density profile slope is α − 2. We do not include external shear in
2-component galaxies.
galaxy component b  θ [◦] β α
Galaxy 1
DM 0.675 0.2 -90 0.5 1.0
Stars 4.05 0 -90 – 0.4
Galaxy 2
DM 0.5 0.2 -70 0.5 1.1
Stars 4.0 0.15 -90 0.1 0.4
and stellar distributions coincide. The cases with offset cen-
tres are not shown; these display a wider range of slope be-
haviours. The three curves represent cuts along the x−axis,
y−axis, and the x = y diagonal line. The transition radius—
where the projected densities of dark matter and stars are
equal—along each one of these directions is shown with a
black circle. The range of image radii is shown by the two
vertical black lines.
The density slopes of 2-component galaxies are not con-
stant, even though the slopes of dark matter and stellar dis-
tributions, taken individually, are constant. The central re-
gions are dominated by stars, which have a steeper profile
slope, while the outer regions are dominated by a shallower
dark matter distribution. The typical inner slope is some-
what steeper than“isothermal”, consistent with observations
(Bellstedt et al. 2018; Wong et al. 2017; Poci et al. 2017).
The fact that density profiles are not power laws injects
some complexity in to the galaxies’ mass distribution. But
the main property of the 2-component galaxies that makes
them hard to model with a 1-component lens is the asym-
metry at the image radius, resulting from the offset between
the centres of the dark matter and stellar distributions.
2.3 Offsets: mimicking mass asymmetries at the
transition radius
The centre of the dark matter distribution is always at
(0′′, 0′′), so the centre of the stellar distribution is equiv-
alent to the dark matter-stars offset. The centre of the ex-
tended source, shown as black dots in Fig. 2, is always
at (x, y) = (0.0025′′, 0.0025′′) for Galaxy 1 cases, and at
(x, y) = (0.015′′, 0.015′′) for Galaxy 2 cases. For Galaxy 1
and Galaxy 2 parameter sets separately, we create a suite of
2-component galaxies where the offset of the stellar distri-
bution is varied in a 2D grid. The shape of the grid is not
rectangular, but rather diamond shaped, as explained later.
We chose to focus on lenses that produce quads, as op-
posed to doubles, because quads provide more model con-
straining power than doubles. For a lens with a known cen-
tre, doubles supply 2 pieces of information (x and y of two
images minus the 2 coordinates of the unobserved source),
while quads supply 6. To guarantee the production of quads
for all our lenses, we had to limit offsets. The four caus-
tics that have the most extreme dark matter-stars offsets
are shown in Fig. 2, for Galaxy 1 (left panel), and Galaxy 2
(right panel) parameter sets.
As the centre of the stellar distribution is changed, the
caustic shifts in the source plane, and its shape changes as
well. Because the source position is fixed, it corresponds to
MNRAS 000, 1–12 (2018)
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different locations within the caustic for different offsets.
Thus the offset and the relative source location are tied in
our analysis: small offsets correspond to sources near the
caustic center, while large offsets correspond to sources close
to folds or cusps. Because of the symmetry, the former sit-
uation is easiest to model with a simple 1-component lens.
Because of the complete lack of symmetry, the later situa-
tion is hardest to model. So even though we do not explore
the full range of offset and source location combinations, our
analysis includes the best, intermediate, and the worst cases,
in terms of modeling difficulty.
Fig. 3 shows an example of the 2-component galaxy
mass distribution. The black lines are the total projected
density contours of a Galaxy 2 lens, with the offset of the
stellar distribution of (0.26′′, 0′′). The gray lines show the
dark matter component. The grid and the dot-dashed black
boxypot ellipse are centred on the stars, the centre of the
fitted 1-component lens model. They allow one to visually
gauge the asymmetry of the 2-component galaxy. The four
sets of 25 green points are the outer point-images of an ex-
tended source, produced by the 2-component galaxy. The
violet points are the corresponding images produced by the
1-component model. The yellow band is the transition “ra-
dius”, the region where the ratio of the projected dark mat-
ter and stellar density differ by less than 1%. In this case,
the transition region mass distribution deviates considerably
from elliptical. In lenses with zero offset, the transition re-
gion band would look elliptical.
2.4 Modeling procedure
We now describe the procedure we follow for a given posi-
tion of the stellar distribution, i.e. a given offset. The offset
is related to the amplitude of the transition region asym-
metry. At the end of the three steps below, we quantify, in
terms of RMS, how well a 1-component lens reproduces an
extended-source quad generated by a 2-component galaxy.
This procedure is repeated for each offset, which we vary in
steps of 0.01′′ in both spatial directions. Even for the most
extreme offsets, the whole extended source is always quadru-
ply imaged. This gives us a total 871 relative positions of the
dark matter and stellar distributions.
The three steps below correspond to the three panels of
Fig. 4, a schematic of our modeling procedure.
1 Point source: forward lensing through a 2-
component lens, and model fitting with a
1-component lens. We use a 2-component lens,
and a single point-source (filled gold star in all three
panels of Fig. 4) to generate 4 quad images (filled
black dots) using Gravlens. These are the “observed”
images of the centre of the extended source. Stars and
dark matter mass components of the galaxy lens are
represented schematically by the maroon and navy
ovals, respectively, in all three panels. Lensmodel is
then used to fit these 4 images with a 1-component
boxypot, centered on the stars. We ran Lensmodel for
100 iterations (blue arrows), optimizing over five pa-
rameters: the mass scaling (b), ellipticity (), position
angle of ellipticity (θ ), shear (γ), and position angle of
shear (θγ). One hundred iterations was a compromise
between the robustness of the final model and compu-
tational time. The best fitting 1-component model is
schematically shown as a purple oval in all 3 panels of
in Fig. 4. This same 1-component model is used in the
following two steps.
2 Extended source: forward lensing through a
2-component lens, and tracing the images to
the source plane through the 1-component
lens. Using the above point-source as the center, we
then generated an extended source, represented by a
large number of point-sources arranged in a spoke-like
geometry (empty gold stars in Fig. 4). The radius
of the extended source is rs = 0.04′′ (∼ 0.3h0.7 kpc
for a typical source redshift of 3), and its center is
slightly misaligned with the centre of the dark matter
of the 2-component lens. It contains 251 individual
point-sources: 25 spokes (one every 15◦), each with 10
point-sources, plus the central point-source. Using the
2-component lens, we forward lensed these sources to
produce 251 quads, represented schematically by empty
black dots. These are the “observed” extended images.
These quads were then back-traced from the lens plane,
through the 1-component lens obtained earlier, to the
source plane. The four back-traced images of each quad
(blue filled squares in Fig. 4) were then averaged to
produce the average source positions; one of these is
schematically represented by a cyan triangle. Note that
no lens fitting is done in this step.
3 Image comparison. Each of the 251 averaged point-
sources was forward lensed by the same 1-component
lens, to generate a quad in the lens plane (green crosses).
The image positions were then compared to the image
positions of the corresponding “observed” quads. The
comparison was done using the root mean square,
(RMS)2 = 1
4
4∑
m=1
|θobs,m − θmod,m |2, (2)
for each point-image quad of the extended source.
3 RESULTS
In this section we look at how well a 1-component lens, fitted
to the central point of an extended source, reproduces the
“observed” quad images of that extended source.
Our comparison is guided by the following considera-
tion. If a point-image, which is a part of an extended “ob-
served” image, is within one HST ACS pixel of the corre-
sponding modeled point-image, then the difference between
them will not be detected. If this is true, on average, for
all the point-images of an extended source, then the 1-
component lens reproduces the images of the 2-component
“observed” galaxy well, and the true mass complexities of
the 2-component lens have evaded modeling. In the next
subsection we carry out the comparison on the point-image
basis, using eq. 2, as well as based on RMS averaged over
the extended source.
The ACS pixel is 0.05′′, and that of WFC-UVIS is 0.03′′,
and can be effectively reduced to somewhat smaller values
for drizzled images. The actual pixel size used can depend
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Figure 1. Double logarithmic density profile slopes for Galaxy 1 (left) and Galaxy 2 (right) 2-component lenses. The center of the stars
is coincident with the center of the dark matter component. (We do not show profile slopes for the 2-component lenses where the dark
matter and stars are offset; these would look somewhat different.) The three curves represent cuts along the x−axis, y−axis, and the
x = y diagonal line. The transition radius—where the projected densities of dark matter and stars are equal—along each one of these
directions is shown with a black circle. The range of image radii is shown by the two vertical black lines.
Figure 2. Caustics of the four 2-component lenses with the most offset stellar distributions. (The other 867 caustics are not shown.)
The dark matter mass component is always centered at (0, 0). The centres of the stellar components of lenses whose caustics are shown
with solid, long-dashed, short-dashed and dotted lines are at (x, y) = (0′′, 0.19′′), (0.26′′, 0′′), (0′′, −0.19′′), and (−0.26′′, 0′′), respectively. The
black points are the cluster of point-sources that constitute the extended source, whose radius is rs = 0.04′′, or ∼ 0.3h0.7 kpc for a typical
source redshift of 3. The source size and the centres of the stellar mass component were chosen such that the whole of the extended
source is guaranteed to produce quads for all 2-component lenses. Left: Galaxy 1 in Table 1. Source centre is at (x, y) = (0.0025′′, 0.0025′′).
Right: Galaxy 2 in Table 1. Source centre is at (x, y) = (0.015′′, 0.015′′).
MNRAS 000, 1–12 (2018)
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Figure 3. Isodensity contours of projected total (black) and dark
matter (gray) density distributions for Galaxy 2, with the centre
of the stellar distribution offset to (0.26′′, 0′′). The dark matter is
centred at (0′′, 0′′), as in all cases in this paper. Contours are log-
arithmic, spaced by 0.1. The thick black and gray lines highlight
the κ = 1 contours. The grid and the dot-dashed black boxypot el-
lipse are centred on the stars, the centre of the fitted 1-component
lens model. The grid and the ellipse allow one to visually gauge
the asymmetry of the 2-component galaxy. The four sets of 25
green points are the outer point-images of an extended source,
located at (0.015′′, 0.015′′), produced by the 2-component galaxy.
The violet points are the corresponding images produced by the
1-component model, fitted to the central images (not shown) of
that source. The unweighted (weighted) source-averaged RMS is
0.0099155′′ (0.01299′′). The yellow band is the transition “radius”,
the region where the projected dark matter and stellar density
differ by less than 1%, i.e. are nearly the same.
on the quality of the data. For example, Ding et al. (2017)
used pixel size of 0.0325′′, or 0.0217′′, for their lenses, while
Tagore et al. (2018b) assumed pixel size of 0.05′′ in their
modelling work. We will use 0.03′′ as a threshold for deciding
if the images are well fit by a model.
3.1 Extended, rs = 0.04′′ sources; offsets ≤ 0.26′′
Each of the eight panels in Fig. 5 displays the RMS values
of the 251 individual point-sources (black dots) making up
one extended source. The colour scales are the same in all
panels, with darkest blue (red) representing RMS= 0.001′′
(0.1′′). The four panels on the left (right) show Galaxy 1
(Galaxy 2) lenses, with different dark matter-stellar distri-
bution offsets (see figure caption). These four offsets result
in the two lowest, a typical, and one of the highest RMS
values of the 871 in our analysis.
The main factor determining the typical RMS in these
panels is the proximity of the source to the fold or cusp of
the diamond caustic: the closer the source to the caustic, the
larger the magnification, which means that the point-images
comprising the extended image cover more of the lens plane,
requiring better model fits for the same lens plane RMS.
Sources closest to caustic centre have lower magnifications,
and so are easiest to fit, resulting in lowest RMS.
The distribution of RMS within each extended source
(each panel of Fig. 5) is less intuitive. Let us focus on one
of the eight panels, namely, the top right of the first set
of four. The centre of the stellar distribution is at to the
right of dark matter centre, so the mass distribution in the
lens plane is similar (though not the same) as in Fig. 3.
When the source is on the left side, three images are on
the same side, where the mass is dominated by the dark
matter, making it easier to model with a 1-component lens.
This is the reason why the left side that panel of Fig. 5 has
low RMS values. When the source is one the right side, three
images are also on the right, where the mass distribution has
competing and uneven contributions from the dark matter
and stars, making it hard to model the galaxy with a 1-
component lens, resulting in the right side of the panel in
Fig. 5 having higher RMS values.
Next, we calculate RMS averaged over the extended
sources. We used two different schemes to weight the point-
sources within an extended source. The ‘unweighted’ scheme
weights each of the point-sources (black dots in Fig. 5)
equally, with the exception of the central point-source, which
has to have a weight of 25, one per spoke. So the sum is over
the 275 point-sources of the extended source:
RMS unwtd =
1
275
25∑
i=1
10∑
j=0
RMSi, j (3)
where RMSi, j , for one point-source, is given by Eq. 2. This
weighting is appropriate for a source whose surface bright-
ness decreases linearly with increasing distance from cen-
ter. Assuming that brighter pixels would contribute propor-
tionately more constraining power justifies their increased
weight. Ideally, the weighting has to also depend on the
magnification of each portion of an extended image, but we
ignore that here.
The ‘weighted’ scheme is appropriate for a source with
a flat surface brightness distibution:
RMS wtd =
25∑
i=1
10∑
j=1
rj × RMSi, j
25∑
i=1
10∑
j=1
rj
. (4)
Here, the central point-sources are not included, and all the
pixels within the source have the same weight, regardless
of their distance from center. The difference between the
two weighting schemes provides approximate uncertainties
on the RMS values arising from different brightness distri-
butions of the source.
The results are presented in Fig. 6; the two left (right)
panels are for Galaxy 1 (Galaxy 2). The two top (bottom)
panels show the unweighted (weighted) average RMS. Each
colour pixel represents one extended source, such as the ones
shown in Fig. 5. The axes show the x and y offset of the cen-
tre of the stellar distribution with respect to the centre of
dark matter distribution, in the 2-component lens. For ex-
ample, the four caustics shown in Fig. 2 correspond to the
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Figure 4. The schematic of our modeling procedure. 1 : A single point-source (filled, gold star) is forward-lensed through a 2-component
system consisting of a dark matter halo (navy oval) and a stellar distribution (maroon oval). Lensmodel fits this quad with a 1-component
model (purple oval), in 100 iterations. 2 : An extended source (empty, gold stars) is forward-lensed through the same 2-component system.
Using the same 1-component lens (purple oval), the images (empty black dots) are back-projected and the average source position (cyan
triangle) is calculated. 3 : The average source position is lensed to the image plane, where the RMS distance between the images from the
2-component galaxy (empty black dots) and the 1-component model (green crosses) is calculated. See Section 2.4 for further discussion.
Figure 5. The color scale represents the RMS values for each of the point-sources (black dots) in the extended source centered at
(x, y) = (0.0025′′, 0.0025′′) for Galaxy 1 (leftmost group of four) and (x, y) = (0.015′′, 0.015′′) for Galaxy 2 (rightmost group of four). The
centres of the stellar distributions (i.e., offsets) are located at (x, y) = (0′′, 0′′), (0.03′′, 0′′), (0.04′′, −0.04′′), and (−0.06′′, 0.11′′) for Galaxy
1 panels, and at (x, y) = (0′′, 0′′), (−0.04′′, −0.01′′), (0.04′′, −0.04′′), and (−0.01′′, 0.15′′) for Galaxy 2 panels. The data were interpolated
between each of the point-sources. The RMS colour scale is logarithmic.
MNRAS 000, 1–12 (2018)
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Figure 6. Unweighted and weighted average RMS plots (top and bottom, respectively) for Galaxy 1 (left) and Galaxy 2 (right). The
color of each pixel (for a total of 871 per plot) represents the average RMS of all points within the extended source. The axes show the
offset between the centres of the dark matter and stellar distributions. The black curves demarcate the regions where quad production
is guaranteed. The shape of this domain is related to the shape of a diamond caustic, but note that the plane shown is not the source
plane. The extended source has a radius 0.04′′, and is centered on (x, y) = (0.0025′′, 0.0025′′) for Galaxy 1 and (x, y) = (0.015′′, 0.015′′) for
Galaxy 2. The RMS colour scale is linear, and different from that in Fig. 5. The white pixels are instances where Gravlens could not
produce a 1-component model (cf. Step 3 in Sec. 2). See Appendix A for further discussion.
four corners (top-most, bottom-most, left-most and right-
most) of the colour rectangles shown here. The black outline
that resembles a diamond caustic shows the extreme posi-
tions of allowed stellar distribution offsets. For stellar dis-
tributions centred outside of these boundaries, the extended
source does not fit within the diamond caustic. These cases
were not considered.
A fraction of pixels in the four panels of Fig. 6 are white.
For these stellar distribution offsets Gravlens could not
produce a 1-component model, for any of the point-sources
in the extended source. These pixels are concentrated along
the principal axes, but other than that there is no discernible
pattern. Because the overall colour trends are clear despite
the white pixels, we will ignore them. (A discussion of what
could have gone wrong can be found in Appendix A.)
The most prominent feature of these plots is that
Galaxy 2 quads are systematically better modeled with 1-
component lenses that Galaxy 1 quads. This is because the
density profile slope of the 1-component model was fixed
at “isothermal”, d ln κ/d ln r = −1 (α = 1), which is closer
to the average slope of Galaxy 2 (d ln κ/d ln r ∼ −1.2, for
zero offset) at the image radius, than to that of Galaxy 1
(d ln κ/d ln r ∼ −1.25, for zero offset); see Fig. 3. If the 1-
component density slope was allowed to vary during fitting,
lower RMS values could have been achieved for both Galaxy
1 and 2 quads.
Overall, we see that the lowest average RMS values in
Fig. 6 are near the centres of each of the four panels (as
already discussed earlier in this section), which correspond
to the smallest dark matter-stars offsets in a 2-component
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Figure 7. Cumulative distribution functions (CDFs) for Galaxy 1
and Galaxy 2 (red and blue, respectively), and for the unweighted
and weighted averaging schemes (dashed and solid lines, respec-
tively). The dotted lines represent the 25th and 75th percentiles.
lens. In these cases, the azimuthal mass asymmetry near the
image circle is well described by pure ellipticity, and is eas-
ily captured by a 1-component boxypot. As the offset gets
larger, the mass asymmetry near the images deviates more
and more from ellipticity, and it becomes harder for a 1-
component lens to reproduce the images. The largest RMS
are found near the very top and bottom of the panels, which
correspond to largest vertical offsets. This is because the
ellipticity position angle of both the components are such
that the isodensity contours are stretched in the horizon-
tal directions, so offsetting the stellar distribution vertically
introduces largest density perturbations to the galaxy.
Fig. 7 summarises the RMS values of Fig. 6 as cumu-
lative probability distributions. In Galaxy 1, 25% (75%) of
the extended sources have average RMS less than ∼ 0.025′′
(∼ 0.05′′), and so approximately half the sources have the
RMS values below our threshold of 0.03′′, for being able to
differentiate between a complex 2-component galaxy mass
distribution and a simpler 1-component model. In other
words, in approximately half of the galaxies with azimuthal
mass asymmetries, these asymmetries will go undetected.
Because we do not consider observational selection biases
based on image magnification, these values are to be treated
as approximate.
3.2 Extended, rs ≤ 0.14′′ sources; offsets = 0′′
In the previous section we saw that when quads of 2-
component galaxies with large offsets (up to 0.26′′, or ∼ 1h0.7
kpc) between the centres of their dark matter and stellar
distributions are modeled with 1-component lenses, the lens
plane RMS can reach ∼ 0.07′′, signaling that simple models
do not fully capture the complexity of such galaxies. So for
large offsets, source sizes larger than what we assumed there
are not required to rule out 1-component models.
However, for smaller offsets, the RMS were ≤ 0.03′′,
especially for Galaxy 2. Therefore, for small offsets, it is
interesting compute RMS values for larger source sizes. We
now consider 2-component galaxies with zero offsets, and
source sizes that are larger, but such that they do not touch
the diamond caustic. The density profile slopes the two 2-
component galaxies used here are exactly those shown in
Fig. 1. We note that zero, or near zero offsets is what is
commonly assumed in modeling.
The sources used in the previous subsection have radii of
rs = 0.04′′. Here we use rs = 0.1′′ (∼0.75h0.7 kpc) for Galaxy
1 and rs = 0.14′′ (∼ 1.05h0.7 kpc) for Galaxy 2 extended
sources and perform the analysis described in Section 2. The
sources were placed, as before, at (x, y) = (0.0025′′, 0.0025′′)
for Galaxy 1, and at (x, y) = (0.015′′, 0.015′′) for Galaxy 2.
The results are presented in Fig. 8, for Galaxy 1 (left panel)
and Galaxy 2 (right panel).
The outer portions of the sources are harder to model
because they are closer to the caustic, but even there, the
typical RMS values are around 0.03′′, and so at or below
our threshold. The results of these experiments are summa-
rized in Fig. 9, which shows the average RMS as a function of
source size, using our two weighting schemes, eq. 3 (dashed),
and 4 (solid). The average RMS is seen to increase approx-
imately linearly as a function of source radius. Of the four
cases we present here, the largest average RMS correspond
to the weighted RMS case, and the parameters of Galaxy 1.
The approximate equation describing the red solid line in
Fig. 9 is, RMS = 0.183 × rs − 0.0013 (in arcsec.) So for zero
offset, and sources that fill almost the entire diamond caus-
tic, rs ∼ 0.15′′, the resulting images can be well fit with an
elliptical 1-component lens, hiding true 2-component nature
of the galaxy lens.
4 SUMMARY AND DISCUSSION
Even though most individual quads are well represented by
simple elliptical+shear lens models, the population of quads
is not well represented by such lenses. Gomer & Williams
(2018) studied the distribution of quads in the 3D space of
relative image polar angles, and concluded that fold- and
cusp-type quads arise, as expected, from lenses with a range
of external shear values, whereas cross-type quads seem to
arise only from lenses with small shear. Cross quads with
large shears appear to be missing. This odd finding, which
cannot be accounted for by selection effects, prompted the
authors to consider other possible sources of mass pertur-
bation, or asymmetry in the lenses. Having first ruled out
ΛCDM substructures as the reason, they turned to mass
asymmetries associated with the transition region, where
the central stellar distribution gives way to dark matter.
Because the central regions are not fully relaxed, azimuthal
asymmetries are expected around this radius. The authors
showed that these would give rise to 3D distribution of quad
relative image angles consistent with the currently available
sample of quad galaxy lenses.
One might then ask, if such mass perturbations exist,
why have they not been detected already, through mass
modeling? In this paper our goal was to investigate how of-
ten, and under what circumstances, these asymmetries can
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Figure 8. Similar to Fig. 5, but for large sources and 2-component galaxies (left: Galaxy 1, right: Galaxy 2) with zero offset between
dark matter and stars. The galaxy parameters are given in Table 1
Figure 9. The source-averaged RMS, eq. 3 (dashed), and 4 (solid)
as a function of source size, for 2-component galaxies (Galaxy 1
[red], and Galaxy 2 [blue]) with zero offset between dark matter
and stars.
evade detection, based on mass distributions recovered by
modeling.
In our preliminary tests presented in this paper we
generated quad images of extended sources, using 2-
component—stars and dark matter—galaxies, and then at-
tempted to fit these using 1-component elliptical+shear
models. The easiest way to mimic mass asymmetry at the
image radius is to offset the two components. We represented
extended sources with dense clusters of point-sources, and
compared the “observed” images with modeled images, us-
ing RMS between the corresponding point-images compris-
ing the extended images. Our RMS threshold to separate
good from bad fits was set at 0.03′′, somewhat smaller than
the HST ACS pixel, because point-images in the lens plane
with smaller separations would not be distinguished.
For 2-component galaxy lenses with small or zero off-
sets, 1-component models can successfully reproduce the im-
ages of even the large, caustic-filling sources; i.e., RMS were
in general below 0.03′′. In these cases, the fact that a lens
has two components will not be revealed by mass modeling.
For 2-component lenses with non-zero offsets (up to
∼ 1h0.7 kpc) the source averaged RMS depends on several pa-
rameters. Sources with flat brightness distributions and fur-
ther from the caustic centre are worse fit with 1-component
models, and hence more likely to indicate the presence of
mass perturbations beyond simple ellipticity. Also, if the
average density profile slope of the 2-component galaxy at
the location of the images differs from the assumed slope
of the 1-component model, such models would have larger
RMS, and also signal the presence of additional mass per-
turbations. However, there is no guarantee that an improved
mass model, one that has a lower RMS, will recover the true
mass distribution adequately well.
Overall, we estimate that of order half of the quads will
be able to eliminate simple models, though not necessarily
lead to the true mass distributions. This is not an exhaus-
tive study; a more detailed study would consider a wider
range of possible galaxy models, and incorporate the effects
of magnification bias.
In this work we did not use any image time delay in-
formation, even though it is available for a subset of lenses,
where the central quasar shows variability (e.g., Bonvin et al.
2018; Sluse et al. 2012). If all three relative time delays be-
tween four images of a quad are known precisely, to better
than a few percent, the ratios between these can be used
as additional constraints to break degeneracies discussed in
this paper, and help isolate the true mass solution. The same
quad can then also be used to estimate H0.
However, most of the currently available quads have
only one precisely measured time delay (e.g., Courbin et al.
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2018). In such a case, one can use the time delay either to
constrain mass model asymmetries, or to estimate H0, not
both. Until larger samples of quads with multiple precise
time delays become available, the best strategy for obtaining
H0 is to use ensembles of lenses and constrain them to share
the same H0 value, as was done in Coles (2008); Paraficz &
Hjorth (2010); Lubini & Coles (2012).
In the present paper, we fitted the central point images
of quads, and asked if these fitted mass models can also re-
produce extended images within observational uncertainty.
For the purposes of H0 estimation, it is now common to use
the entire area of extended images to do the mass fitting
(e.g., Suyu et al. 2017), which would require an approach
different from the one we implemented here. For all these
reasons, H0-related investigation is postponed to a future
work.
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APPENDIX A: ANALYZING FAILED
SINGLE-COMPONENT LENSES
Here we discuss some technical aspects of Fig. 6. For most
dark matter-stars offset values, Gravlens worked as it was
supposed to, and generated quads (green crosses in panel
3 of Fig. 4), starting from the average source position (blue
triangle), and using the best-fitting 1-component lens (violet
oval).
However, for some offset values, which we represented
by white pixels in Fig. 6, Gravlens did not produce quads,
despite the fact that our original extended source was lensed
successfully by Gravlens through the 2-component galaxy
(panel 1 of that figure). This is surprising because the
differences in most parameters vary smoothly from one offset
value (one pixel in Fig. 6) to the next.
We will examine two adjacent offset values, (x, y) =
(0′′, 0′′) and (−0.01′′, 0′′). One reason Gravlens might be
able to produce images with a 2-component, but not a 1-
component lens, would be that the back-projection process
incorrectly yielded an extended source that was wildly dif-
ferent from the original. We checked; this was not the case.
We speculate that the two most likely culprits are either
the x and y positions of the stellar distribution (i.e., the
offset), or the lens parameter values. We tested these two
possibilities, in turn.
The parameters of the two 1-component models, with
two adjacent offsets, are presented in Table A1. The values
of b and  for both lenses are very close to each other, and
the values of α and β are exactly the same, so none of these
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Table A1. Example 1-component boxypot lenses (found by Lens-
model) for Galaxy 1. The top row, with the stellar distribu-
tion centred at (x, y) = (0.00′′, 0.00′′), resulted in the successful
production of a quad. The bottom row, with stars centred at
(x, y) = (−0.01′′, 0.00′′), produced no images. Values for α and β
were kept constant at 1.0 and 0.5, respectively.
x [′′] y [′′] b  θ [◦] γ θγ [◦]
0.00 0.00 1.80 0.0540 -89.9 2.63e-04 86.1
-0.01 0.00 1.81 0.0569 90.0 5.45e-05 -32.1
parameters are likely to be the problem. The two values
of θ are different by nearly ∼ 180◦, which means that the
orientation of the ellipticity position angle is nearly the same
in both cases.
Since we know the 1-component models with the stars
centred at (x, y) = (0′′, 0′′) does produce a quad, we changed
its lens parameters to those of the 1-component model with
(x, y) = (−0.01′′, 0′′) offset, and attempted to produce a quad.
Changing the values of b,  , θ ,γ, and, θγ individually, and
collectively resulted in a quads being produced in every in-
stance. So lens model parameters are not the problem.
We then changed the offset of the 1-component lens
originally at (0′′, 0′′) to (−0.01′′, 0′′). That failed to produce
quads. This indicates that the inability of Gravlens to
produce quads is related to the value of the offset used.
To further test that hypothesis, we attempted to produce
a quad assuming all lens parameters associated with the
(−0.01′′, 0′′) offset, but changing the offset to (−0.0025′′, 0′′).
This did produce a quad.
While we now know that varying the location of
the stellar distribution seems to be a limitation of
Gravlens/Lensmodel, resulting in failed white pixels
in Fig. 6, we are unsure of the reason behind it. The
Gravlens/Lensmodel manual (Keeton 2004), while exten-
sive, does not mention the behavior we have observed.
This paper has been typeset from a TEX/LATEX file prepared by
the author.
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